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Abstract 

We establish a relation between the Schwarz inequality and the gener- 
alized concurrence of an arbitrary, pure, bipartite or tripartite state. This 
relation places concurrence in a geometrical and functional-analytical set- 
ting. 
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Quantum cntanglcmcnt is onc of the most interesting and debated properties 
of quantum mechanics. It has become an essential resource for the quantum 
, communication created in recent years, with some potential applications such 

as quantum cryptography \ï\ E] and quantum teleportation 3 . The idea of 
quantum entanglement goes back to the early days of quantum theory where it 
p> ' was initiated by Schròdinger, Einstein, Podolsky and Rosen 0J[S] and was later 

extended by Bell 6 in the form of Bell inequalities. Quantification of multi- 
£^ ' partite state entanglement |Hj is difficult and is a task that is directly linked 

to linear àlgebra, geometry and functional analysis. The definition of separa- 
bility and entanglement of a multipartite state was introduced in [ü] following 
the definition for bipartite states, given in 1989 by Werner [TJ]]. One widely 
used measure of entanglement for a pair of qubits, is entanglement of formation 
A closely related measure is concurrence, that gives an analytic formula 
^ ' for the entanglement of formation 12 . In recent years, there have been several 

proposals to generalize this measure to general bipartite states, e.g., Uhlmann 
has generalized the concept of concurrence by considering arbitrary conju- 
gation, then Audenaert, Verstraete, and De Moor |2] generalized this formula 
in spirit of Uhlmann's work, by defining a concurrence vector for pure states. 
Another generalization of concurrence have been done by Rungta et al. |15| 
based on an idea of a superoperator called universal state inversion. And finally 
Gerjuoy, Albeverio and Fci, Akhtarshenas, and Bhaktavatsala and Ravishankar 
|161 1171 1181 ITÜ| have given explicit expression in terms of the state amplitude 
coefficient of a pure bipartite state in any dimension. 

In this paper, we put the concurrence in another perspective, namely we 
establish a relation between Schwarz' inequality and concurrence for bipartite 
states and then extend our connection to multipartite states. We show that, 
the generalized concurrence |17| and entanglement tensor |2U| for a three-partite 
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state can be derived using the concept of Schwarz incquality. Generalization of 
this relation to a multipartite state with more than three subsystems can be 
tried out in the same way as for three-partite state but it gives only information 
about the set of separable state and can not quantify a general pure multipartite 
state completely. 

2 Entanglement 

In this section we will establish the notation for separable states and entan- 
gled states. Let us denote a general, pure, composite quantum system with m 
subsystems Q = Q p m (Ni,N 2 , N m ) = QiQ 2 ■ ■ ■ Q m , consisting of a state 

Ni N 2 N m 

W = EE"'E OL iui ^... íim \Íi,Í2,...,Í m ) (1) 
ii=l Í2 — 1 im = l 

dcfined on a Hilbert space 

n Q = H Ql ®H Q2 ®---®H Qm (2) 
= C Nl ®C N2 ®---®C Nm , 

where the dimension of the jth Hilbert space is given by Nj = dim(?^Q. ). We 
are going to use this notation throughout this paper, i.e., we denote a pure pair 
of qubits by Qj(2, 2). Next, let pg denote a density operator acting on Hq. 
The density operator pg is said to be fully separable, which we will denote by 
Pq P , with respect to the Hilbert space decomposition, if it can be written as 

Km JV 

P S Q P =E^0^= E^ = 1 ( 3 ) 

k=l j=l k=l 

for some positive integer K, where pu are positive real numbers and Pq. denote a 
density operator on Hilbert space TÍQ j . If Pg represents a pure, fully separable 
state, then K = 1. If a state is not fully separable, then it is called an entangled 
state. A completely nonseparable quantum system is one that in any basis must 
be written 

K N 

nonsep \ * k \ ^ i / a \ 

Pq =Z^PkpQ, }_^Pk = l, (4) 

fc=l fc=i 

where Q = Q p (Ni N 2 ■ ■ ■ N m ). The simplest such completely nonseparable, 
genèric states (that, moreover, are maximally entangled) are Bell states and 
W-states. 

3 The Schwarz inequality and concurrence 

In this section, we will investigate the relation between concurrence, the Schwarz 
inequality, and the minors of determinant of bipartite states, which are directly 
related to the geometry of the Hilbert space and Segre variety |21| . 

Let us begin by reviewing the Schwarz inequality on an inner product space 
such as a Hilbert space, and then use this inequality to relate it to the geometry 
of concurrence. 



Let X\ = (£1,^2) and X 2 = (771,772) be two vectors defined on the complex 
Hilbert space H = C 2 . Then X\ and X2 are parallel if and only if \S1V2 — ï7i^2 | = 
0. We will prové this using the Schwarz inequality (Xi\X 2 ){X 2 \Xi) < \\Xi\\ 2 ■ 
||A 2 || 2 as follows: 

(x 1 \x 2 )(x 2 \x 1 ) = (Çifk + bfhKÇim + bm) (5) 
= l&lVl 2 + tifk&m + &fhtim + \b\ 2 \v\l 

where, i.e., £ is the complex conjugate of £. The product of the norms of these 
vectors is given by 

H^H 2 • ||* 2 || 2 = KilVl 2 + KilV + |6| 2 hi| 2 + I6| 2 |r? 2 | 2 . (6) 

If X and Y are parallel, then wc have (Ai \X 2 )(X 2 \Xi) = ||Xi|| 2 • ||A 2 || 2 , which 
implies that 

Çifh&rb+bfjiÇim = |Ci| 2 |r;2| 2 + |6| 2 |^i| 2 ^iei^-r?i6| 2 =0. (7) 
That is, Xi and X 2 are parallel if, and only if, 

det ( & M = 0, (8) 

where det denotes the determinant. We note that the area of a parallelogram 
spanned by two vectors is equal to the value of their 2-by-2 determinant. 

Now we set out to generalize this simple result to a larger bipartite product 
space. Let X\ = (£1, £2, • • • , £/v 2 ) an d X 2 = (771 , r] 2 , . . . , Vn 2 ) be two vectors 
defined on the Hilbert space H = C N2 . Again by using the Schwarz inequality, 
we get 

(x 1 \x 2 ){x 2 \x 1 ) = {Çirn + &m + . . . + ç N2 f]N 2 )(Çm + &m + ■ ■ ■ + Çn 2 vn 2 ) 

= \Si\ 2 \vi\ 2 +Éif7i6»72 +ÇiViÇ3Va + S2M1V1 + lò| 2 |?7 2 | 2 
+ • • • + ^n 2 -iVn 2 -i^n 2 Vn 2 + fe^fe-ilfíj-i 
+ I6v 2 | 2 |w 2 | 2 , (9) 

and, in the same way as we have done above, we calculate the product of the 
norms of these vector as follows: 

PMMW = l£i| 2 (|r/i| 2 + |r /2 | 2 + ... + l·?| 2 v 2 ) 

+N 2 (I??i| 2 + M 2 + ... + |í7jv 2 | 2 ) 
+ • • • + I6v 2 | 2 (|?7il 2 + \m\ 2 + ■ ■ ■ + \vn 2 I 2 ) 
= ieil 2 hil 2 + ICil 2 bl 2 + ... + |6l 2 lw 2 | 2 
+l6l 2 lml 2 + l6l 2 bl 2 + ... + |6| 2 lw 2 | 2 
+ • • • + lòv 2 | 2 lml 2 + I6I 2 M 2 + • • • + l^ 2 | 2 lw 2 | 2 . (10) 

Again, if Ai and A 2 are parallel, then we have (Xi\X 2 ){X 2 \Xi) = ||Ai|| 2 - ||X 2 || 2 
which, after some simplification, can be rewritten as follows: 

I6I 2 M 2 - tmmb - bviMi + lòl 2 M 2 + • • • + I6v 2 -i| 2 lw 2 | 2 

-S.N2-1VN2VN2-1S.N2 - Sn 2 Vn 2 -iVn 2 Sn 2 -i + \£,n 2 \ 2 \vn 2 -i\ 2 
= \SÏVÍ ~ Sim\ 2 + ■■■ + \Çn 2 -iVn 2 - Ín 2 Vn 2 -i\ 2 = 0- 



That is, Xi and X 2 are parallel if, and only if, 



|£i»72 - ?7i6l = \£im - m&\ = ■■■ = \£n 2 -ivn 2 - vn 2 ~i£,n 2 \ = o. (11) 

This rcsult implies that 

det | & 6 ^ = • • • = det f ÇjV2 - 1 ^ 1=0 



Vi V2 / \ VN 2 -l VN; 

if the vectors are parallel. 

To establish a relation between the Schwarz inequality and the concurrence, 
let us consider the quantum system Q 2 (Ni,N 2 ) be a pure, bipartite quantum 
system. Then, the concurrence can be written as |17| 



fci h 



/ JVi iVi JV 2 N 2 

c{qI{n x ,n 2 ))=[nY. E E El T ( l l SN 

V 2i>fcl fel=l Ï2>fe2 fe 2 = l ^ 



where T [ 5 1 | = det [ afcl ' fc2 afc i^2 | j s a seconc i order minor of the 

\ k 2 h J \ an u k 3 a h,h 

2 x N 2 matrix 



Otk x ,l a k x ,2 ■■■ Q!fci,JVa-l a fci,JV 2 



(13) 



where TV is a normalization constant. We recognize the expression l|12l) as 
the sum of all parallelograms computed above. Hence, the concurrence is zero 
only if the Schwartz inequality is satisfied with equality for all pairs of vectors 
X kl = (tïfci,i) "fel, 2, ■ ■ ■ , a kl ,N 2 ) and X h = (0^,1, a íu2 , ■ ■ ■ , ai uN2 ). This implies 
that all the vectors X kl and X; t are parallel. If so, the state is obviously 
separable because this means that the state can be written 

*) = (ai,i|li) + . . ■+a Nl . 1 \Ni 1 ))<g>(\l 2 )+a li2 /ai. 1 \2 2 ) + . . ■ + ai,Ar 2 /ai.i|^22})· 

(14) 

We also see that the concurrence for a bipartite, pure state, loosely speaking, 
has the geometrical interpretation of the summed pairwise deviation from par- 
allelism of all the vectors X kl and X^ . 



4 The Schwarz inequality and concurrence of a 
general pure three-partite state 

Let us now see what happens if we consider the simplest example of a three- 
partite system. The simplest tripartite system, consisting of three qubits, is 
denoted (2, 2, 2). The concurrence of this state is then given by ^7] 

3 2,2 2,2 2 2 / ^ ^ 



c(Q£(2,2,2))= UEEE E Eit(4\. ^Ji 2 as) 

V 3=1 l>k fc=l,l lj>kj kj=l - ' ' 

Where T ( . , , ) is a minor of the 2x4 matrix 



k ^ h l^h 



0*1,1,1 Q!fei,l,2 0*1,2,1 0*1,2,2 
&h,l,l a h,l,2 a/1,2,1 a/1,2,2 



(16) 



and where the two-digit indices k and l run from 1,1 to 2,2, and, where of 
course the only possibility is that k\ = 1 and l\ = 2. In the same manner, 

T ( , ^ 3 , , , ) is a minor of the matrix 



k^k 3 l±l 



a l,lM a l,2,k 3 a 2,l,k 3 a 2,2,k 3 
a l,l,h a l,2,l 3 a 2,l,l 3 a 2,2,l 3 



(17) 



etc. 

If we apply the Schwarz inequality to all the combinations of the above 
pairs of vectors, then we get the desired result. The interpretation of the result 
/ k- l- \ 

is that T , / , , / , I generates the minor determinants that establish 
V k f= kj l f= lj J 

whether system Q-j is separable from the rest of the system. Again we can easily 
generalize the result above to a general, pure, three-partite state Q^{Ni, N 2 , N 3 ). 
Then concurrence of this state is given by |17| 



N4 Ni 

i i. / 



V j=l ;>fc k íj>fc 3 fc 3 =l v 

" (18) 

where, e.g., the indices k and / for j = 1 run through the N2N3, two-digit 
numbers 1,1 to N2,N 3 . 

From the above discussion we can see that the equality in Schwarz inequality 
can be used as a criterion for separability, and the deviation from equality, in the 
sense outlined above, can be used as measure of entanglement which coincides 
with generalized concurrence and our entanglement tensor for bi- and three- 
partite states. 



5 Conclusion 

We have discussed the relation between Schwarz inequality (or, rather, equal- 
ity) and concurrence for bi- and three-partite states and possible generalization 
to multi-partite states. This relation helps us visualize the geometrical proper- 
ties of concurrence and the relation is directly related to the geometry of the 
Hilbert space as a normed complex space with an inner-product defincd on it. 
Moreover, we have shown that the deviation from the Schwarz inequality uppcr 
bound (perhaps this bound can be called the "Schwarz equality") can be used 
as measure of entanglement for concurrence for bi- and three-partite states. 
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